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1. Introduction

Recently, Autor et al. (2020) have documented that a reallocation of sales towards highly
productive firms contributed to the falling aggregate U.S. labor share. Similarly, de Loecker
et al. (2020) have argued that a reallocation of market share from low to high markup
firms has resulted in a rising aggregate U.S. price-markup. The aggregate labor share and
price-markup play a prominent role in the analysis of monetary policy, and ultimately, they
influence how policy should be used for the purposes of stabilization.! In this paper, we
consider the link between the reallocation of resources across heterogenous firms and optimal
monetary stabilization policy.? In particular, we analyze welfare in a sticky-wage New
Keynesian model, where productivity, labor shares, and price-markups are heterogenous, and

aggregate fluctuations in these variables are driven by endogenous firm entry and selection.®

In the model we study, more productive firms have a greater market share, a lower la-
bor share, and charge higher markups because consumer preferences are characterized by a
translog expenditure function.? As the minimum level of productivity required to remain
in the market - an endogenous variable, which depends on macroeconomic conditions - rises,
labor shares rise and price-markups fall across firms. How these variables change in the
aggregate rests on two forces. First, they are influenced by firm entry, which is based on

an evaluation of expected profits, against the payment of a one-time entry cost. Second,

!Cantore et al. (2020) and Nekarda and Ramey (2020) both discuss the role of the labor share and

price-markup in New Keynesian models, the latter emphasizing the role of wage rigidities.
2Evidence that monetary policy generates a reallocation of resources at business cycle frequencies is

presented in Hamano and Zanetti (2020). Fasani et al. (2020) provide evidence on the link between

monetary policy uncertainty shocks and firm exit.
30ur analysis also rationalizes an idea, made popular, for example, by Haldane (2018), that firm-level

productivity (heterogeneity) and industry concentration matter for monetary policy decisions.
4We assume the goods market is characterized by monopolistic competition. The use of translog prefer-

ences is discussed in more detail below.



they depend on selection (firm exit), whereby a fraction of firms that enter do not gener-
ate ex-post profits, because they are not sufficiently productive to do so. The distribution
of productivity controls the strength of selection, and determines how resources are reallo-
cated across firms, influencing the welfare effects of monetary policy, in a sticky-wage New

Keynesian model.

We reach a number of conclusions on the extent to which monetary policy should be con-
cerned with the reallocation of resources across heterogeneous firms in the short-run. Firm
profits, which are the driver of entry and exit decisions, are of overriding importance. We
demonstrate this analytically by assuming the firm entry decision is static with instantaneous
zero-profit.> Doing so leads to an equivalence result. The textbook New Keynesian model,
with sticky-prices, generates the divine coincidence (Blanchard and Gali, 2007) - whereby it
is possible to stabilize both price inflation and the welfare-relevant output gap. This idea
carries over to a model with sticky-wages and flexible-prices where the focus naturally falls
on wage inflation and employment. We show that if the aggregate price-markup is rendered
fixed by the distribution of firm-level productivity, the divine coincidence appears, and firm

entry is not a relevant concern for the policymaker.

To explain our result, consider a positive innovation to technology, which generates a rise
in expected profit, and encourages firm entry. Firm entry occurs alongside a rise in the
productivity cut-off, which reflects a selection effect. A higher cut-off makes it harder to
generate positive profit and price-markups (labor shares) of incumbent firms fall (rise). At
the aggregate level, when the distribution of productivity is Pareto, there is no movement
in the price-markup or labor share. When productivity is Pareto, the lowest productivity
firm has zero net markup, whereas the highest productivity firm has an infinite markup. If

the distribution of markups and labor shares within this range are also Pareto their average

5In general, we model firm entry as forward-looking, with fluctuating profits, and include a time-to-build

lag, following Bilbiie et al. (2012).



values are constant. Thus, despite a change in the composition of firms, which raises
average productivity, and magnifies the effect of the shock, there are no implications for

optimal monetary stabilization policy.

We identify how firm entry and exit influence optimal policy, for all other productivity dis-
tributions, using the difference between the constrained-efficient level of employment and
its flexible-wage counterpart. In general, optimal policy requires lowering the target value
for wage inflation in the current period, below its long-run value, when the growth rate of
the welfare relevant employment gap is positive, a result which we link to selection. For a
given change in aggregate technology, the weaker is selection, the greater is the change in
the aggregate labor share, and the stronger is the required drop in current wage inflation.
Changes in the labor share thus represent a weakening of the strong reallocation effects which
occur with a Pareto distribution. Since our translog-Pareto specification is equivalent to
a constant elasticity of substitution specification, which features fixed firm-level and aggre-
gate markups, our analysis demonstrates why accounting for the distribution of markups is

important for understanding the welfare implications of monetary policy.°

In a next step, we numerically analyze the full model, which features a forward-looking entry
decision, and where the volatility of firm entry is calibrated to match U.S. data. We allow for
a log-normal distribution of idiosyncratic shocks - in addition to considering the case when
productivity is Pareto distributed - and aggregate intertemporal preference shocks.” For the
same long-run exit rate and labor share across the two productivity distributions, the log-
normal distribution leads to a lower level of concentration among firms. Lower concentration
is consistent with a weaker selection effect. Aggregate intertemporal preference shocks

play a role in our quantitative analysis because we consider dynamic entry. Changes in

SWith a constant elasticity of substitution specification, although it is also necessary to assume a fixed

cost of production to generate firm exit (selection), the key point is that the aggregate markup is fixed.
"Using a log-normal distribution allows for many smaller firms which are typically observed in the data.



intertemporal preferences act directly on the discount factor and affect the value of firm
creation, thus, similar to a model with physical capital, a positive innovation to preferences,
generates a rise current consumption, at the expense of current investment (at the extensive

margin).

We study the welfare consequences of monetary policy by transposing the optimal targeting
rule from a model with a given mass of homogenous firms into our model with firm entry; in
effect, asking how costly it is to run an otherwise-optimal policy, but ignore firm dynamics.
Ignoring firm entry and exit generates a 0.1 — 0.3 percent loss of steady state consumption
when the aggregate price-markup and labor share are rendered fixed by selection.® When
the aggregate markup is countercyclical, the business cycle is smoother, and the welfare loss
is reduced. Thus, selection leads to differences in the business cycle, which translate into
welfare losses from adopting a policy that ignores firm dynamics. In general, the presence
of long-lived firms means the divine coincidence cannot hold, in contrast with static entry,
where the divine coincidence appears when the markup is fixed. This is an important point,
because the difference between the static and dynamic versions of our model is that, in the
latter, firm entry is a form of investment in which up-front costs incurred to start a business

generate expected future profits.

The normative analysis we present owes a considerable debt to research that focuses on
the short-run implications for monetary policy when there is endogenous firm entry. For
example, Bergin and Corsetti (2008) and Bilbiie et al. (2014) analyze the short-run, and in
the latter case, the short- and long-run, implications of firm entry for monetary policy when
there are sticky-prices. Our analysis differs from theirs in that we focus on the reallocation
of resources across heterogenous firms. We also derive an explicit quadratic approximation

for welfare which allows for analytical results. To the extent that our model generates a link

8We also consider the welfare loss from adopting a standard interest rate setting rule, in which case, we

find a slightly higher loss.



between monetary policy and productivity, our results are also related to, for example, Moran
and Queralto (2018), who focus on monetary policy shocks and medium-run movements in

TFP, and Ikeda and Kurozumi (2019), who focus on slowdowns in TFP after the 2008-09

financial crisis, and analyze welfare maximizing monetary policy rules.’

Our analysis addresses issues that are often ignored when studying monetary policy. Of
particular importance is the extent to which the reallocation of resources across firms af-
fects agents’ welfare. Firm entry and exit in our analysis is akin to product turnover - see
Broda and Weinstein (2010) - and the role of product turnover for the design of monetary
policy in the long-run, i.e., the optimal inflation target, is considered in Adam and Weber
(2019). Abstracting from endogenous entry, they suggest that sticky-price models featuring
heterogeneous firms and systematic firm-level productivity trends imply long-run inflation
should be set at between 1 and 3 percent. In a related analysis, Miyakawa et al. (2020) pro-
vide empirical evidence on the relationship between inflation and the firm size distribution.
They develop an endogenous growth model with firm heterogeneity and nominal rigidity to

analyze the reallocation effects of monetary policy on welfare.

Finally, we make use of translog preferences, which enables us to understand the relation-
ship between firm-level and aggregate labor shares and price-markups, the subject of recent
empirical scrutiny. Translog preferences have been used successfully to explain real and
monetary-induced business cycle fluctuations, both in the closed and open economy. For
example, absent firm entry, Bergin and Feenstra (2000) use a translog expenditure function
to generate persistence arising from monetary shocks when there is nominal price rigid-
ity. Bilbiie et al. (2012) show that such preferences, when combined with forward-looking
firm entry, perform well in matching key business cycle moments, when there are technology

shocks and flexible-prices. Lewis and Poilly (2012) estimate an endogenous-entry model with

9Both papers introduce nominal price rigidities to the expanding varieties framework of Comin and Gertler

(2006).



translog preferences and nominal price and wage rigidity and identify a competition effect
generated through counter-cyclical price-markups in the transmission of monetary shocks.!’
In the open economy, Rodriguez-Lépez (2010) develops a model with endogenous entry, firm

heterogeneity, and one-period nominal wage rigidity to study exchange rate pass-through.

The rest of the paper is as follows. In section 2, we develop a sticky-wage New Keynesian
model with heterogenous firms and endogenous entry. We study the macroeconomic effects
of movements in the productivity cut-off generated through selection. In section 3, we
characterize the conditions under which our model produces the same welfare implications
as when there is a given mass of homogenous firms. In section 4, we analyze the model
numerically, and present a quantitative evaluation of the welfare loss from adopting policies

that ignore firm entry and exit. A final section concludes.
2. Model Economy

In this section, we develop a general equilibrium model with heterogenous firms and sticky-
wages. We focus on explaining the relationship between the productivity cut-off - the
minimum level of productivity for a firm to successfully enter the market - and aggregate
variables; in particular, the labor share and price-markup. In this regard, we provide
an explicit link between the distribution of idiosyncratic productivity, the strength of firm
selection (the decision to produce or exit the market), and the cyclical behavior of the

aggregate labor share and price-markup.

2.1. The Model Economy

0 ewis and Poilly (2012) further argue that a model with strategic interaction between oligopolistic
firms cannot generate an empirically relevant competition effect and is statistically equivalent to a CES
specification. Lewis and Stevens (2015) undertake a Bayesian estimation of a medium-scale DSGE model

with a tranlsog expenditure function and endogenous firm entry.



The economy is populated with a measure n; > 0 of productive firms and a measure one of
households. Each firm has a constant returns to scale technology and supplies a differentiated
good. New firms are created each period by paying a sunk cost. Each household consumes
a basket of goods and supplies a differentiated labor type. At the beginning of the period,
new firms are created, and draw idiosyncratic productivity, z > 0, from a distribution, G (z).
Firms with a low level of productivity, z € [zmm, 27), exit, and those with a sufficiently high
level of productivity, z € [z}, Zmax], pProduce using labor, subject to the demand for their
good. Households supply labor, subject to demand for their labor type, after choosing the

1

nominal wage.!! They receive dividends, net of tax labor-income, and a lump-sum transfer.

At the end of the period a fraction of firms exit for exogenous reasons.

Households (Preferences) Each household has a symmetric translog expenditure function

over a set of differentiated goods. The representative household has preferences,

1 o1 . . NT e 1
In (e;) :lnct—i——/ In p; (i)dz—l——{l—l—/ / Inp; (7) [Inp; (j) — Inpg ()] d]dz} (1)
Nt Jien 2ny ieA JjeA
where e; is the minimum expenditure required to obtain a composite of goods ¢; and the
term p; (7) is the price of good .12 The set of differentiated goods available to the household
1

is denoted A, where n; is the measure of A, and the term 3., captures a variety effect.

The demand for good 1 is,

0= [l .

where s; (i) = nit [1 + fjeA Inp, (j)dj| — Inp, (i) is the expenditure share, p; (1) = p; (7) /py
is the price of good 7 relative to the consumer-based price index, denoted p;, and ¥, is total

output, or GDP.13

U Monetary non-neutrality arises in our model because of sticky-wages. Evidence on the role of sticky-

wages is presented in Olivei and Teneyro (2007, 2010) and in Nekarda and Ramey (2020).
12Translog preferences are consistent with a class of preferences introduced by Diewert (1976) known as

the quadratic mean of order r (QMOR) expenditure function. Translog imposes r = 0.
13To derive the demand curve we apply Shephard’s lemma to the expenditure function.



Firms Each successful entrant produces a differentiated good under conditions of mo-

nopolistic competition. Given [; (1) workers, each firm produces,

ye (1) = @iz (1) 1 (7) (3)

where a; is a technology common to all firms and z; (7) is firm-level productivity. Firm ¢
maximizes profit, J; (i) = p; (¢) y; (i) — wyly (1), subject to the demand for their good and
their production function.'* The optimal price chosen by the firm with productivity level z
is,

w
pe(z) = Q x Jtz (4)

where 0, = Q (% exp) measures the gross firm-level markup and the inverse labor share.!®
Equation (4) determines the minimum level of productivity, z = z;, with which a firm can
enter the market successfully. Such a firm has zero net markup (i.e., pj = wi/a;z}) and a
unit labor share.!® The market share of a firm can also be expressed in terms of the markup,
s, = — 1, and equation (4) therefore shows that the least productive firm has zero market

share.
We first use equation (4) to aggregate over the price index, generating,
wy = a,fzt*th/2 (5)

where H, = N, [[" s2dG (z) is the Herfindahl index - i.e., the sum of the squares of

*
2t

the market shares of firms, which is a measure of concentration - and N, is the mass of

14There is no index on the wage as all firms will face the same per-unit wage cost.

15The term Q (z% exp) is also the Lambert-W function.
t

16This is different to the zero-profit cut-off under CES preferences, which requires a fixed operating cost.
However, as we will go on to show, a comparison can be made between settings, which depends on the

assumed distribution of firm-level productivity.



entrants.!”  We also use equation (4) to derive an expression for aggregate firm profits,

vy = f;t*m‘""‘ V; (2) dG (z), in terms of market share,

Zmax 52
Uy = 214 5 21 E/ L—dG (2) (6)
z 1+ St

where the aggregator, 214, is a function of the cut-off, 2f. Finally, the sum of market shares

Zmax
*
t

of firms, which is given by N; [

7 5(2)dG (2) = 1, can be written as,

1 Zmax
N=— s, = / 5,dG (2) (7)

22t *
which implies the mass of entrants is uniquely related to the productivity-cutoff. Since the
mass of goods available to the household, ny, is equal to the mass of entrants, N;, multiplied

by the probability of successful entry, f;max dG (z), equation (7) shows how the mass of goods

is also uniquely related to the productivity-cutoff.

A large number of ex-ante identical firms have the option of paying f; > 0 units of output
to enter the market. Each entrant obtains a productivity level z € [zin, 2max] Which is the

realization of a random variable drawn independently across firms. Firm ¢ enters if,

[e.o]

(1- 5)t+1Qt,t+119t > fi (8)
=0

t

where (Q;++1 is a stochastic discount factor (Q:; = 1) and § < 1 is an exogenous rate of
firm destruction. Firms enter the market endogenously until the present discounted value
of post-entry profits are zero, net of entry costs. The timing of entry and production is such

that the total mass of firms during period t is,
Ny = (1-10)(Ne—1 + Ney—1) (9)

which allows for a time-to-build lag in entry.

17This condition replaces the more standard expression - in, for example, the case of Dixit-Stiglitz ag-

gregation - that would imply a fixed markup over marginal costs. We provide a derivation in Appendix

Al
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Households Each household maximizes expected discounted utility from the composite

of goods, ¢, and disutility from its labor type, l; (j) according to,

00 1

S B, [ln @ -v [ 1w dj] (10)
t=0 0

subject to the demand for it’s labor type, I; () = [w; (7) /ws] ° L¢, and the following flow

budget constraint,

et (N N zofu+ 2 = (1= ) [ () 1 ()] + (B + £2) N

Dt
Jr(1‘”1:—1)51:—1 X [ wy (5)

2
t

w1 (f)

where (3 is the discount factor and d; captures frictions that affect intertemporal preferences.!®

In equation (11), free entry is imposed, b; are state contingent securities, 77, (T}) is a labor-

wt (5)
we—1(j)

2
income (lump-sum) tax (transfer), and % [ T — 1} measures the real cost of wage

adjustment, where m; = p;/p;_; is the gross rate of price inflation.'?

The household’s first-order-condition with respect to bonds and equity implies,

144,

Tg+1

1=F [Qtﬂ } and  fi = Ey(1 = 0)Qe1 (Vg1 + fir1) (12)

~1
where Q1 = [% <ﬂ) . The household’s first-order-condition with respect to their

dt ct

nominal wage can be expressed as a wage Phillips curve,
levhe, +wy (1 — 7)) (1 —¢e)] Ly = x [(Wf’ — )’ — EiQui1 (ﬂ;‘_’H — 1) W;‘_’H} (13)

where we impose a symmetric equilibrium in labor markets, such that, [, (j) = L; and

wy (§) = wy, for all j. The wage Phillips Curve is forward-looking, in that when setting their

BOur specification of utility is similar to assuming indivisible labor, as originally emphasized in Hansen

(1985) and Rogerson (1988). The role of indivisibility is discussed very recently in Christiano et al. (2020).
19We model sticky-wages using a quadratic adjustment cost. Our choice is mostly for the purposes of

exposition and a Calvo-wages version of our model produces almost identical results.

11



wage, suppliers of labor consider the future nominal wage they expect to charge. Without
this element (as x — 0), equation (13) implies (1 — 7) w; = -%;%¢;, which relates the net
of tax labor-income to a fixed markup, =, multiplied by the ratio of marginal disutility of

labor to the marginal utility of consumption.

Equilibrium The government budget constraint is,
Ty = toprwi Ly — G (14)

where 7 w;L; is labor-tax income and G > 0 is government expenditure. The resource

constraint for the economy is,

Yt :Ct‘i‘ftNe,t‘i‘g—'—%(?T? — 1)2 :ﬁtNt‘i‘tht (].5)

0

where the right-hand side of this condition is total income.?’ Finally, the evolution of the

real wage is governed by,

W _ M (16)

Wg—1 Ty

which states that growth in real wages depends on the growth in nominal wages versus the

growth in nominal prices.

An equilibrium in our model is a set of endogenous processes {v,ct, Ly, wy, m, 7} and
{Ni, Ney, Uy, 21} satisfying equations in (5)-(7), (9), (12) and (13), and (15) and (16), for

L

given policy ¢, > 0, with given government expenditure, G > 0, labor-income tax, 7", and

exogenous processes for a; and d;.
2.2. Selection and the Labor Share

In this section, we study the macroeconomic effects of movements in the productivity cut-off.

We show how movements in the cut-off affect the aggregate labor share and price-markup.

20When the resource constraint is satisfied, the labor market clearing condition, L, = N; ["** I, (z) dG (z),
t

holds.

12



We also link the labor share and market concentration with total factor productivity. For
further analysis, we will use Lemma 1 and Lemma 2, below, which enable us to establish the

relationship between the productivity cut-off and these aggregate variables.

Lemma 1 (Aggregation) Let G (z) be the distribution function of z, bounded by zpax <
+oo. For any function, J (z*) = [ j (£)dG (z), where j (1) > 0 and j' > 0, then, (i),
J'(2*) <0, and (ii), lim J(z*)=0.

2* —Zmax

Proof See Appendix. B

Lemma 1 shows that the aggregators, z;; and zy,, defined in equations (6) and (7), are
decreasing functions of 2. The immediate economic implication of this result is that the
mass of entrants, V;, and the productivity cut-off have a positive relationship. The intuition
for this result is that, as more firms enter the market, competition raises the minimum
productivity required to produce, which increases the probability of exit, f;ma" dG (z). To
determine how changes in the cut-off influence the mass of operating firms, n;, it is necessary

to determine the strength of selection.

Lemma 2 (Selection) Make the change of variables, u = z/z*. Let g (u) be a density

_ug’(u)
g(u)

function with elasticity, € (u) = which is weakly increasing. Let j; (u) and jo (u)

be positive functions such that ;;EZ; is strictly increasing. The ratio j;gi; is a decreasing

function of z*, where J; (z*) = [ ji (u) g (2) dz, for i = 1,2.

Proof See Appendix. B

Recall that the mass of operating firms is n; = %t [ dG (z). Using Lemma 2 we can
s t

determine that the mass of operating firms is increasing with the cut-off. Thus, if selection is
relatively strong, a rise in the mass of entrants, which occurs alongside a relatively large fall

in the probability of successful entry, results in the mass of operating firms being relatively

13



insensitive to macroeconomic conditions. We can now also determine the aggregate price-

markup. The average price of firms that successfully enter is, p; = #(z*) fzz*m‘""‘ pt (2) dG (z),
t t

which, from the pricing equation implies the average markup is the inverse of the mass of

operating firms. Thus, the strength of selection, and the underlying distribution of firm-level

productivity, affect the cyclical behavior of the aggregate price-markup.

Finally, Lemma 2 allows us to understand how selection affects the inverse aggregate labor

share, which, with firm heterogeneity, differs to the aggregate price-markup.?!  Consider

the profit share in total output, which is, % = Z—Z Using the resource constraint, the
inverse labor share of total output is,
Yt 1
—1= 17
/lUtLt 22t _ 1 ( )

21t
Applying Lemma 2, the aggregate profit share and inverse labor share are increasing in the
productivity cut-off. Thus, the profit share, inverse labor share, and price-markup move
in the same direction, but they differ because firms differ in their market share. We can
further unpack the labor share by recalling that the aggregated price index is w; = a,z7eft/2.
This condition shows that the wage depends on the productivity cut-off in two distinct
ways: directly, because a higher cut-off is consistent with a higher real wage, and indirectly,
because the real wage is increasing in the cut-off through the Herfindahl index (market
— 1

concentration), H, = - [7" s2dG (z). We then determine aggregate output (and total
t

z2¢ Jz

factor productivity, TFP), as y; = (zt* i]iﬁt ) a;L;. Thus, TFP, which only depends on the
22t

cut-off, can be linked back to firm entry, by Lemma 1; see equation (7), and changes in TFP,

induced by entry and exit, can be mitigated by (weakening) selection, due to the presence

of eft/2) (1 — 2—2), which reflect market concentration and the labor share.

21As Edmond et al. (2019) discuss, the average inverse labor share and price-markup differ with hetero-
geneity because the latter uses a cost-based, arithmetic mean, whereas the former is defined by an output-

weighted, harmonic mean.
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3. Optimal Monetary Policy

In this section, we do two things. First, we provide a benchmark characterization of optimal
policy with a given mass of homogenous firms. This generates a result that choosing zero
wage inflation (wage stability) is optimal because it automatically closes the welfare-relevant
employment gap. We then consider the policy problem when endogenous firm entry is static
by imposing an instantaneous zero-profit condition. In this case, we derive an equivalence
result, and characterize the conditions under which the introduction of heterogenous firms
and endogenous entry delivers the same welfare implications as our benchmark case. We
show that this result depends on selection because it requires a distribution of firm-level

productivity which renders both the aggregate labor share and price-markup fixed.
3.1. Optimal Monetary Policy with a Given Mass of Homogenous Firms

To characterize optimal stabilization policy with a given mass of homogenous firms, we

suppose f; — 0 and N; — 1, and introduce a price-markup, such that the inverse labor-

share is equal to, w’th —-1= E‘Efl > 1. The Ramsey problem is one of choosing consumption,
p

labor, and wage inflation, subject to the resource constraint and wage Phillips curve. The
Ramsey policy problem is converted into a linear-quadratic problem as described in the

following Proposition.??

Proposition 1 The linear-quadratic policy problem with a given mass of homogenous firms

is,

1 > 1 /~  ~\2 ¢
inL=——F t1 = (L, — L* W (Fw)? 1
{IZI}?IF?} 25, 0;5 |:Sc< t t) + ¢ (Wt)] (18)

22Qur approach follows Benigno and Woodford (2005). For simplicity, in the text, we also further assume
the labor-income tax, 77, generates an efficient steady-state. That is, 1 — 7 = (5—> (Es—il) In the
P

w
gyp—1

Appendix we discuss the more general case.

15



subject to the linear wage Phillips curve,
A= (Lo-Iy) - prn, 5 Li=Li=0-s)a (19)

where a circumflex denotes the deviation of a variable from it’s Ramsey steady-state value
and the variables E? and Ej are the flexible-wage and constrained-efficient levels of employ-
ment. The parameters s, = 7z and { = %wsi are the share of government spending in total

consumption and the slope of the wage Phillips curve.

Proof See Appendix. B

There are a number of standard, and yet important, comments regarding the policy problem
in Proposition 1. First, the loss function is derived under the assumption that the steady
state is efficient. Second, when the steady-state is efficient, then Ir = E:, which eliminates
policy trade-off between wage inflation and employment: by the Phillips curve, choosing
7" = 0 is consistent with Zt = /[:?, which further implies L. = 0, a result commonly referred
to as the divine-coincidence. As Blanchard and Gali (2007) show, the relevant statistic when
evaluating welfare is the gap between the flexible-wage and constrained-efficient allocations
(here, of employment). Finally, the divine-coincidence result we derive applies to preference

(demand) and technology (supply) shocks.

In addition to delivering a simple result with regard to optimal stabilization policy, it is
also straightforward to determine the response of output and price inflation under optimal
policy. This is a relevant exercise for us to undertake because we want to emphasize the
(potentially) time-varying aggregate labor share. The production function without entry
is, ¥y = a; + Et, which implies, L — E;‘ = Yy — y;. The path of price inflation is governed
by, m = 7w — (a; — a;—1), with 7’ = 0 under optimal policy. In other words, a positive
realization of technology will lead to no change in wage inflation and an immediate fall in

price inflation. This is optimal because there are no distortions in the goods market. The
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drop in price inflation will take place alongside a rise in output, equal to ¥ = s.a;, where

s. < 1, which depend on extent of government spending in total consumption.
3.2. An Equivalence Result

In this section, we consider optimal stabilization policy when there is endogenous entry with
instantaneous zero-profit. The assumption of static entry allows us to develop intuition for
our results because we isolate how much the reallocation of resources across firms matters
for the welfare effects of monetary policy. When entry decisions are forward-looking, the
dynamic effects of entry act as a separate, independent distortion because, in effect, the

entire path of profits can be taxed or subsidized by changes in policy.

With instantaneous zero-profit, we replace the general free entry condition, given by equation
(8), with the following static relation,

/ 9, (2)dG (2) = | 20)

t

where f > 0.22 To determine optimal policy, we need to relate the benefit of consumption
to the costs of supplying labor (employment). Firm entry affects this relationship in the
following sense. Define effective output as total output, y;, less the costs of entry, fN.,.
With static entry, since profit is equal to the cost of entry, period-by-period, ¥, N; = fN,,.

Effective output is therefore,
F (CLtLt) =Y — fNe,t = (CLtLt) Z:th/2 (21)

We use the function F' (a;L;) to measure how effective output responds to changes in employ-

t.24

men Since the productivity cut-off is itself a function of a;L;, the elasticity of effective

23The resource constraint is replaced with, y; = ¢; + fN; + G + 2 (m — 1)2. Other than this change the

model is as specified in section 2.1.

241t is possible to relate F (a;L;) to the inverse labor share, since, —%t— — 1 = INet  which reflects the

e,t
) wyLy F(a¢Ly)’

ratio of investment, at the extensive margin, to effective output.
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output with respect to inputs depends on the elasticity of the cut-off to changes in employ-
ment. This elasticity features in our explanation as to why the distribution of productivity
affects the relative weight attached to employment when evaluating welfare. Using the
definition of effective output in equation (21), we present the main analytical result of this

section in the following Proposition.

Proposition 2 With heterogenous firms, endogenous entry, and an instantaneous zero-
profit condition, at an efficient steady-state, there is no policy trade-off between wage infla-

tion and employment, if the following condition holds,

LF;; . LF;
F, F

(22)

where F, (Fpp) is the first (second) derivative of F' (L).

Proof See Appendix. B

Proposition 2 characterizes the conditions under which the introduction of heterogenous firms
and endogenous entry delivers the same welfare implications as a standard sticky-wage New
Keynesian model. To understand how this condition arises, consider the constrained-efficient

and flexible-wage levels of employment,

~, 77—|-a - L d LFL

Li=—7"——— ; =l | — 23
ey (%dL) F (23)
and,

~n a 1 LFL

LtEl_aCLt ; Q/E<1_3_C>T (24)

respectively. The parameter « () is the elasticity (of the elasticity) of the effective output

function. In general, with entry and exit decisions, we have L% > 1, and any shock that

raises employment, generates firm entry, which magnifies the effect of the shock. With

firm heterogeneity, changes in the productivity cut-off, which reflect both entry and exit
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(selection), further magnify the effect of shocks.?> Selection also matters in determining
how the constrained-efficient level of output responds. However, it is clear that if n = 0,
the constrained-efficient and flexible-wage levels of employment coincide. Put differently,
when Zy — Zf = (ﬁ#ﬂ) a; is equal to zero, magnification through entry and selection

is efficient, and the divine coincidence appears. As we will go on to show, only in this case,

are the aggregate price-markup and labor share fixed.

Before further developing the intuition for our results, we note that the solution to the

linear-quadratic policy problem under commitment is,

- L0 o 3, ) e

Optimal policy suggests lowering the target value for wage inflation in the current period
below its long-run value when the growth rate of the welfare-relevant employment gap is
positive. Again, what is of interest in equation (25) is the presence of n # 0. It reflects
the distortion created by variation in the price-markup and labor share induced by entry
and exit. The greater the change in the aggregate labor share resulting from a movement
in aggregate technology, the greater is the required drop in wage inflation. This is because,
changes in the labor share reflect a weakening of the reallocation of resources across firms.

The parameter 1 # 0 therefore captures the welfare implications of selection.
3.8. Special Case: Pareto Distribution and a Fized Labor Share

In this section, we consider a special case in which both the aggregate labor share and price-
markup are fixed due to the strength of selection. We assume that firm-level productivity

is drawn from an unbounded Pareto distribution, specified as,

Gz)=1—-2"" (26)

2This type of magnification effect is well-established with homogenous firms, see, Devereux et al. (1996)
and Bilbiie et al. (2012). The difference, with respect to our analysis, is that the strength of magnification

also operates through the distribution of idiosyncratic productivity.
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In this case, the solution for effective output is,
F(a,Ly) = w x (a,Ly)" "™ (27)

where w = [f (Zp% - Zp%)] ey eHp/20™ " i 4 positive constant.? Equation (27) has
two implications. First, the effective output function exhibits a type of labor-augmenting
technology, where k/(k — 1) > 1. In other words, any positive movement in labor will
translate into a more than one-for-one increase in effective output. Since, in this case, the
labor share is fixed, it must be that entry costs rise proportionally with effective output,

where the mass of new entrants is given by, N; = (27)" /21,.2" Moreover, any increase in

the cut-off raises total factor productivity, with total output given by, y; = (#) yagLy.

2
The second implication of equation (27) is that n = 0. We can see immediately that
% =1+ ﬁ > 1 and % = ﬁ > () are consistent with the restriction in Proposition
2. This generates Ej} = E: As we discuss above, £ == > 1 (magnification) is the result of
firm entry and selection. To understand the role of % we can appeal to Lemma 2, which
shows why the unbounded Pareto distribution is a special case. Whereas the majority of
aggregators move with productivity cut-off, in the unbounded Pareto case, they are fixed.
Moreover, for an unbounded Pareto distribution, the elasticity of the density function, € (u),

is a constant, equal to one plus the shape parameter, .2®

Finally, we impose s, = 1, which simplifies our analysis further, and implies It = Zt* =0
and ﬁt" = ﬁt* = —“2a;.  This tells us that the extent of magnification is governed by the
shape parameter of the productivity distribution. Since, in this particular setting, optimal

policy targets the flexible-wage level of employment, we can determine the impact on price

26The term w is a function of Zp1, Zp,2, and H, , which are all themselves constants. For example, define

u=Z. Then, 2z, = (z7) f1 [ (expu) — 1] ku= du = (z;) " zp,1. The same applies for z, 2 and Hp.

27As before, with a fixed labor share, there will be no change in the mass of operating firms, and n, = 1/z .
Z8Feenstra (2018) contains a discussion on the importance of bounded and unbounded Pareto distributions

and our paper offers a natural extension of his analysis using the elasticity of the density function.
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inflation and total output, as we did above, when the mass of firms was fixed. In particular,
we now find, y; = (ﬁ) a; and T = — (ﬁ) (a; — a¢_1), such that optimal policy requires
a steeper drop in price inflation to offset the greater expansion in total output generated

through firm entry and exit.
4. Numerical Analysis

In this section, we undertake a quantitative analysis of the model with dynamic entry and
evaluate the welfare implications of monetary policy. In particular, we calibrate the model -
using a standard, historical interest rate rule - to match the volatility of establishment entry
at the business cycle frequency, in addition to standard long-run targets, and compute the

welfare loss from adopting stabilization policies that abstract from firm entry and exit.
4.1. Functional Forms

Idiosyncratic shocks are drawn from either a log-normal or a Pareto distribution. The

density function of the log-normal distribution is,

g(x) = ——exp [—u] (28)

V2T 202

where p = —%2 and o are the location and scale parameters. The density function of the
Pareto distribution is g (2) = kz~(*%).  As we show above, these functional forms determine
the extent to which selection operates. Selection determines the cyclical properties of a
number of objects in our model, the most important being the labor share of income and

price-markup.

When monetary policy is set exogenously, we assume it is consistent with a standard interest

rate setting rule, which takes the form,
1—pi
|1 b
1+ th = (1 + ’itfl)pz [Eﬂ'fﬁ (%) ] (29)
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where p; is an interest rate smoothing parameter and ¢, (¢,) is the weight attached to

inflation (output).

Finally, we specify a cost function for entry (congestion) as,

Ne,t K
fe=1 ( Ne,H) (30)

By choosing a value for v, given aggregate shocks to technology and preferences, we can

pin-down the volatility of firm entry.?
4.2. Model Calibration

Our calibration proceeds in two stages. First, we choose parameter values which match
long-run targets and values for fiscal instruments. Table 1 presents the parameters used to

characterize the steady-state and their respective targets.

We calculate the real return over the post-1979 period as the average FEDFUNDS rate
minus the rate of CPI inflation. This implies a real return of 1.44 percent and we set [ to
match this statistic. We assume government spending constitutes 17 percent of GDP and
the average labor-income tax is 20 percent. The annualized rate of firm exit, using data
from the Bureau of Labor Statistics (BLS), over the period 1993:Q2-2018:Q4, for which data

is available, is just below 12 percent. Finally, we assume the wage-markup is 30 percent

29A similar specification to equation (30) is used in Bergin and Corsetti (2019). In Loualiche (2019), the
entry cost is convex in the entry rate, N, ./N;_1, which is akin to the specification of capital adjustment

costs adopted in RBC models.
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and the average time to reset the wage is five quarters (Gali and Monacelli, 2016), which we

map into the Rotemberg wage adjustment cost parameter.3”

Next, we choose the labor share, “’TL and the endogenous failure rate of firms, fozt* dG (z).

The post-1979 US labor share is 60 percent (BLS). We note that studies such as Bilbiie et al.
(2012), who also focus on the business cycle implications of firm entry, assume an aggregate
price-markup roughly consistent figure.3! With a Pareto distribution, the labor share is
independent of the failure rate, which we assume to be 15 percent, and we set Kk = 2.5.
With a log-normal distribution, there are many more small firms, and with the same failure
rate, we set 0 = 0.423 to match the labor share. Our choice over the labor share determines
the costs of firm entry (investment) as a fraction of GDP to be around 25 percent. To
compare between distributions, notice, with a Pareto distribution, it is possible to map the
failure rate into the productivity premium explicitly. Define 2" = [ 674G (2) and

2= flz* a7 dG (2) as the two relevant productivity averages. The productivity premium

is (ZZ—}; - 1> x 100, where z—? z*% and (z*)"" =1— G (z*). Given our calibration,
the productivity premium is 72.3 percent, which further implies a (non-targeted) Herfindahl
index of 0.47.32  With a log-normal distribution, the productivity premium (Herfindahl

index) rises (falls) to 126.7 percent (0.42).

In the second step, we consider parameters that affect dynamics. First, we assume that

30A log-linearized Calvo wage-setting model implies a difference equation for wage inflation of the form
T = w (Zt — E?) + B7¢, 1, where ¢ is the constant probability that a household must keep

its wage unchanged in any given period. The Rotemberg adjustment cost model we used gives, 7}’ =

E(1—a) (Et — z?> + 871, where § = (%wsi) 1_0‘%. Equivalence imposes x = schm. Under

Sc

our parameterization, the Calvo probability is set at ¢ = 0.8.
31'We choose to target the labor share because the difference between the aggregate labor share and price-

markup in our model depends on weighting, as we discuss above.
32The figures we report on concentration are indicative and the problems associated with measuring

industry concentration are discussed in Syverson (2019).
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aggregate technology (a) and intertemporal preferences (d) follow independent AR(1) pro-

cesses,

)\t = A/\tfl + Uy ;0 U~ N (O, [) (31)

where A = [In (a;),In (d;)]" and u, = [ug, uﬂT is the vector of shocks. Since it is not our

intention to estimate the contribution of these shocks to the economy, we take standard values
from the literature. Consistent with the RBC literature, we set the persistence of technology
to 0.979 and the standard deviation of innovations to technology at 0.72 percent. For
preference shocks, we set persistence at 0.68 and the standard deviation at 3 percent, values
which are reported in Justiniano et al. (2013). Likewise, we choose values for the policy

rule that reflect standard a parameterization; specifically, {pg, ¢x, ¢, } = {0.75,1.5,0.125}.3

We simulate our model and match the volatility of firm entry with U.S. data from the BLS.
Over the 1993:Q2-2018:Q4 period, the standard deviation of firm entry was 7.47 percent.?*
In all cases, we choose v such that the our model matches this statistic, and leave other
moments non-targeted. Table 2 reports key business cycle statistics generated by our
model for technology and preference shocks for both productivity distributions (log-normal

and Pareto).

The statistics produced by the model are, broadly speaking, in line with U.S. data. However,

for both shocks, GDP is a little too volatile (a point we discuss below in more detail), so

33The inflation and output weights are 1.5 and 0.125 = 0.5/4 respectively, following Taylor (1993). The
value for the coefficient on the lagged interest rate is 0.75, consistent with the estimates of Clarida et al.

(2000). These values are also the mean values of the prior distributions chosen by Smets and Wouters

(2007).
34 All standard deviations reported in the paper are HP-filtered with smoothing parameter set at 1, 600.
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that establishment entry, relative to GDP, is somewhat less volatile than in the data. The
volatility of consumption and employment differ, conditional on the shock, with technology
(preference) shocks generating to little (much) volatility. Again, it is worth restating, that
in this exercise we only aim to target the standard deviation of firm entry, as this is the

focus of our analysis.
4.2. Impulse Responses

In this section, we use impulse responses to provide intuition for the model we have developed.
Figure 1 presents the impulse responses of selected variables to a one-time shock to technology
and preferences, of 1 percent, with a log-normal distribution for idiosyncratic productivity

shocks.

We start with impulse responses to the technology shock (bold-blue line). Output (GDP),
consumption, and firm entry all rise on impact. The response of entry is mitigated by
the extent of congestion (the parameter v > 0) and this is reflected in the increase in the
mass of operating firms. At this point, we make a comparison with Bilbiie et al. (2012),
who consider a similarly parameterized technology shock, in a model with dynamic firm
entry and translog preferences (see Figure 2, page 326). Such a comparison is meaningful
because, absent heterogeneity, our model is the sticky-wage version of their model.?> Absent
congestion, with fixed entry costs, our model generates a relatively larger rise in entry and
output. That is because, whilst a model with homogenous firms also generates magnification,

such that, an exogenous rise in technology, boosts output by virtue of increased firm entry,

35In Bilbiie et al. (2012), entry costs are in specified in normalised units of labor. A positive change in

technology leads to rise in wages and a relatively small rise in entry costs.
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in our model, these firms are also, on average, more productive. That is, in addition to

nominal rigidities, firm heterogeneity (and selection) is a source of business cycle volatility.

Now consider the intertemporal preference shock (dashed-red line). Since this shock is equiv-
alent to a decrease in the rate of time preference, consumption is immediately shifted forward,
which generates a strong but short-lived rise in consumption, and contributes to raise output.
However, the same force acts to reduce firm entry, which is also forward-looking, and this has
a countervailing effect on output. The reason entry falls is straightforward. A reduction
in the rate of time preference, all else equal, is equivalent to a reduction in the value of
investing in firm creation - see equation (8). Quantitatively, the drop in firm creation leads
to a relatively shallow fall in the mass of operating firms, and the net result of the change in
consumption and firm entry is a rise in output initially, then, in the transition back to the

steady-state, a period of low output, because the fall in firm entry is relatively persistent.
4.8. Welfare Analysis

In this section, we consider the welfare implications of alternative monetary policies. Welfare
loss is computed in terms of consumption units that households would be willing to forgo
to continue under Ramsey-optimal policy. The alternative policies we consider are, (i),
the interest rate rule used to calibrate the model - equation (29) - and, (ii), the Ramsey-
optimal policy from a sticky-wage model without entry and exit. We focus primarily on
the latter policy because we want to gauge the welfare implications of abstracting from firm

dynamics.3¢

Table 3 presents the welfare losses of the alternative monetary policies and standard devia-

tions of key macro-variables, under Ramsey-optimal policy, for both productivity distribu-

36 Although we consider the Ramsey-optimal policy generated from a model with a given mass of homoge-
nous firms, this is very similar to a zero wage inflation policy because, absent other shocks, or frictions, there

is very little welfare loss from running a zero wage inflation (wage stability) policy in the standard model.
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tions.

The first result of Table 3 is that welfare losses associated with ignoring entry and exit
are higher when productivity is Pareto distributed. This result is surprising, because,
analytically, we showed that when the aggregate labor share is fixed, the welfare implications
of monetary policy are the same as when there is a given mass of homogenous firms. We
argued this was the result of a strong selection effect and the reallocation of resources across
firms. However, in deriving that result, we assumed entry was static, and imposed an
instantaneous zero-profit condition. Thus, our quantitative results emphasize that there are
two forces at work: namely, a selection effect (via a constant labor share or price-markup) and
an entry effect (via profits). The difference between static and dynamic entry is simply that
profits fluctuate over time in the latter (see the impulse response in Figure 1) and prospective
entrants evaluate the entire path of future profits when making their entry decision. Thus,
fluctuations in entry generated through future profits significantly outweigh those associated
with shutting down movements in the labor share, which we associate with a reallocation

effect.

We also appeal to the analysis of Bilibiie et al. (2014) to provide an alternative interpretation
of our results. They report welfare gains for translog preferences (using a sticky-price model
with homogenous firms) that are generally lower than when preferences are of a constant
elasticity of substitution (CES) form. In their model, the difference between translog and
CES preferences is that the former leads to a time-varying price-markup, which is the same
for all firms. We also compare cases in which the price-markup (or labor share) can move,
but in our case, this is not due to a change in consumer preferences; rather, the distribution

of idiosyncratic productivity differs. With heterogenous firms, the reallocation of resources
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is strongest when firm-level productivity is drawn from a Pareto distribution. As we argued
above, translog-Pareto, is very much like a CES specification, where fixed costs are required

to generate selection upon entry.

A second result we observe in Table 3 is that welfare losses are around four times greater
when there are preference shocks as opposed to technology shocks, at 0.08 and 0.32 percent,

37 We explain the differences in the

respectively, for the case of the Pareto distribution.
following way. Under Ramsey-optimal policy, firm entry is relatively more volatile than GDP
when there are preference shocks (o, /o, is around 50 percent higher with preference shocks
than with technology), whereas consumption is less volatile: o./0, = 0.39 for preference
shocks versus o./0, = 0.69 for technology shocks. This is the opposite pattern to what we
observe when entry and exit is ignored by policy; either because there is an otherwise-optimal
policy, that abstracts from firm dynamics, or there is an interest rate setting rule, as specified
in equation (29). The Ramsey planner, in attempting to suppress volatility in consumption,
does so at the cost of additional volatility in firm entry, which translates into a reallocation
of resources across firms. Despite this additional reallocation, the reduction in consumption

volatility that occurs under Ramsey policy, outweighs the added cost of volatility in firm

entry.
5. Conclusion

This paper studies the welfare consequences of monetary policy with heterogenous firms and
endogenous entry. We characterize the conditions under which the introduction of these two
features delivers the same welfare implications as a sticky-wage New Keynesian model with a
given mass of homogenous firms. First, equivalence requires that firm-level productivity be

drawn from a Pareto distribution in which case the aggregate labor share and price-markup

37For all shock specifications, we re-calibrate congestion, captured by the parameter v > 0, such that the

volatility of firm entry is identical, under the historical rule.
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are fixed. This mechanism works through selection. Second, equivalence requires static
firm entry with an instantaneous zero-profit condition. When either the aggregate labor
share and price-markup are time-varying, or prospective entrants are forward-looking, and

entry is dynamic, the size distribution of firms is a relevant concern for the policymaker.
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Appendix A
Here we present proof of Propositions and details omitted from the main text.
Appendiz A.1 (Derivation of Resource Constraint and Price Index)

Here we describe the aggregate conditions we use to solve the model. From the main
text, the demand curve is, ¢ (1) = [s;(2) /pt (0)] yr, and firm-level profits are, (i) =
(e () ye (1) — wy] 1y (1) = s¢(2) (1 - i) v, where s; (2) = Q; — 1 is market share. Given
these conditions, aggregate profit is, y; f Qe — 1) ( )dG( ). The sum of mar-
ket shares is unity, so, fz‘”‘ (2)dG (2) =1 < N, fz‘j*ma" (Q; —1)dG (2). Finally, labor
market clearing is, Ly = IV f T, (2)dG (2).  Since firm-level revenue is, p; (2) y (2) =

pe(2)agzly (2) = s (z) Y, and prices are, p; (z) = 24, we express the wage bill in terms

of output, wl; (2) = and, w.L; = y.N; f e e 1dG (2). Using this condition in

aggregate profits,

s mex ), — 1
ftNt = Ntyt/ (Qt - 1) dG (Z) - Ntyt/ tQ
z 2k t

*
t t

dG (z) = wily = yp — fi N

which we use as the labor market clearing expression. Finally, since w;L; = ¢; + G, from

the aggregate household budget constraint, goods market clearing is,

X (¥ — 1) (32)

yt:Ct+ftNe,t+g+2

which is presented as equation (15) in the text.

The price index is given by,

InP, = 2—t+— In py (i dz+2itUlnpt()dr—%/[lnpt(z’)fdi (33)

Insert o= [Inp, (i) di = =g [Inp; (2) dG (2) and n, = N, (1 — G,), where G, = G (), into

this condition, and note, [ [Inp, (i)]>di = N, f (Inp; (2)]>dG (z). Then recall, p(z}) = =
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and p; (2) = ™%, where Qy = Q; (u;) and u, = exp Z implies, Inp, (2) = Inp (z;) + 1 —

z.

Inwuy + In Q. Inserting this into (33) and simplifying,
I p () +1— O = p ()2 + 21 (=) — 2% Inp () + (1 — 0,)?

where [Inp(2})dG (z) =Inp(z}) [dG(z) = (1 — Gy)Inp(2F). Plugging-in for the mass of
entrants generates,

wy e 2
2t Yt — N, / (Q — 12dG (2) (34)

*

which appears as equation (5) in the main text.
Appendiz A.2 (Proof of Lemmas 1 and 2)

In what follows we drop all t-subscripts The productivity level z, obtained by each new
entrant, is the realization of a random variable drawn independently across firms from a
distribution, G (z). We denote by z* the minimum level of productivity required to produce

a good.

Lemma 1 (Aggregation) Let G (2) be the distribution function of z, bounded by zpax <

+00. For any function, J (z*) = [™j (Z%) dG (z), where j (1) > 0 and j' > 0, then, (i),

z

J' (%) <0, and (i), lim J(z*)=0.

2* —Zmax

Proof Totally differentiating, J' (2*) = —j(1)g (2*) — (21)2 [z (£) dG (z) < 0. Con-

sider the integral J (a) = [ j (2) dG (z), where a > 0 is any number. Since the inte-

gral exists, for any € > 0, there should exist k(e,a) > a, such that f,;e";‘)j (2)dG (2) <

e Since j > 0 and k(z,0) > a then j(2) > j(gZy) and [0 () 4G (2) <

k(g,a)
Jiem 3 (2)dG () <e. W

We will say that the distribution function G (z) has an increasing elasticity of the probability

density function, g(z), if g4(2) = —g!;((—’?)z is an increasing function.
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Lemma 2 (Selection) Make the change of variables, u = z/z*. Let g (u) be a density

function with elasticity, € (u) = —%, which is weakly increasing. Let 7; (u) and js (u)
be positive functions such that % is strictly increasing. The ratio j;g:g is a decreasing

function of z*, where J; (z*) = [ j; (u) g () dz, for i = 1,2.

z

J1(z*)

Proof We want to show that the ratio o)

is a decreasing function of z*, where J; (2*) =

[ (£) g(2)dz.  Consider J; () = 2* Zmax/ 7" ji (u) g (z*u) du, which we differentiate

z z* 1

as,

o D) e (e R AU

i(e) = 2 T (2 g )+ [ i) () o () (3)
Now consider the ratio,

T = [ i = )R ) - ) )

Zmax/z*

Zmax) + /1 g1 (u) (uz*) g’ ("u) du | Jo (2¥)

Zmax/z*

) o)+ [ () (w2) g (Faydu | (=)

z* Z* Z* 1
therefore,
Zmax/z* Zmax/z* N /( *)
uz*g' (uz
J () = jo (1) g (uz™) du juguz*[ }d
(") 12()( ) 11()( ) 7 (02"
Zmax/z* Zmax/z* N /( *)
o |uz¥g (uz
— J1(u) g (uz™) du juguz{ *}du
11()( ) 12()( ) 7 (a2
Zmax/2* T
. *\ - Zmax
+Zmaxg (Zmax) / J1 (U) g (UZ )jQ ( = ) du
1
:Zmax/Z*
. *\ - Zmax
—Zmax{ (Zmax) / J2 (U) g (UZ )jl < * ) du (36)
1
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We consider the terms in the first two lines and the final two lines of equation (36) separately.

The sign of the first two lines can be written as,

zmax/z Zmax/z
Ji e(uz)gp (u) g (wef)du [ e(uzg)ji (u) g (uef) du
- (37)

zmdx/z Zmdx/z

Ji g2 (u) g (uzf) du Ji 1 (w) g (uzf) du

where €(z) = =22 Now consider CDFs defined as,

u : d
Gi(u):/ gi (y)dy = flj g (uzf) du fori=1,2;1<y < zmax/2"

Zmax/z

- Ji di (W) g (uzf) du

Damjanovic (2005) shows (formula 3) that if j;gzg is an increasing function of u then, Gy (u) <
Go(u). This further implies that for any weakly increasing function e(u),

[ cwmtian= [ gt (39)

o0 o0

and (37) is negative if €(u) is increasing.

The sign of the second two lines in (36) can be written as,

Zmax/z*

/1 [J'l( ) J2 (Zmax> —J2 (u) ja (sz)] g (uz") du (39)

Zmax

However, as ji/jo is an increasing function, for any u < 22, then ;;EZ% < ;:EZmax; and the

integral in equation (39) is negative. In this case, so is the final term in equation (36). W

Recall, we have the following definitions (with s = Q — 1),

5= / o %da (2) ; 2= / Q- 1)d6 (2) (40)

* *

where ) = (Z% exp> is the Lambert-W function. Make the further definition, z3 =

-1
29— 2 = f;‘“a" %dG (z), such that, (% — %) = zgi—;. Applying lemma 2, exp (%) and
;—; are decreasing functions. Since 2z, [i—; exp (%)} is a product of positive and decreasing

functions.
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Appendiz A.3 (Proof of Proposition 1)

Consider the planning problem,

{m%X}EO Z ﬁtdt (ln Ct — th) + 57&)\1,1‘/ (CLtLt — Ct — g)
ot t=0

0J oJ
= Bita—ctct = dt — )\l,tCt =0 and Lt : Bita—LtLt = —’lpdtLt + )\uatLt =0

Gy
= G = —

(G
Plugging this into the steady-state conditions for the decentralized economy (labor supply

and firm pricing; e, L; = (1 —77) ¢, (g — 1) <£> a;L;) generates:

€p
€ €
=1— w p
et (2) (52) -

Setting the labor-income tax at this level will generate an efficient steady state.

Now consider the Ramsey problem,

max Fj Z Bt (Inc; — Y Ly)
=0

{et,Le,m}
X [dec ' (m = 1) 7] = XBE [desaciy (T — 1) 4]
—gwl/)dtLt — (1 — TL) dtCt_l (]_ — €w> (6p_1> (ltLt

+5t,u27t [atLt —c—G— g (71';0 - 1)2]

+ﬁt,u1,t

The first-order condition with respect to 7", evaluated at the steady-state, implies 7 =1 is

optimal. The remaining first-order conditions are,

g, — 1
di = X [dtct_l (m" —1) Wﬂ (1 — pag—1) + pag (1 —71) dic; ' (1 — &y) ( = ) az Ly

—H2,tCt

and,

Ep —

1
Ydi Ly = —,Ul,t@uﬂ/}dt[/t — M1t (1 - TL) dtct_l (1 - 5w) ( > az Ly + ,U2,tatLt

€p
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which at the steady-state yield,

e L+ pzc=1 and ps =1 >0 (41)

where (1 —77) ¢! (g, — 1) (81’6;1) = £,% has been used. Solving for j:

= (1= ) — ® ;<I>El—(1—n)<8ws;1><€p_1)

eVl L
where ® is a measure of distortions in the economy created by monopolistic competition.

An efficient steady-state is one in which ® = 0 and u; = 0.

A second-order approximation to the Ramsey-problem implies the welfare-based loss function

1s:

L= Qu,t + ,UIQLt + H2Q2,t

where,

1 ~\2 T~ TT ~7T n W 2
Qui = ) (@) + dicy — L (dtLt> i Q=1L (atLt> 5 ()
Que = —ewtL |diLi— (@) + dié — diLy + Gty + Gl — Lo

~ ~\ 2 -~ ~
We then use ¢; = % a; + Lt> and note (?it + Lt> = L?+2a,L; + tip and define s, = 5 < 1.
Recalling equations (41) it is immediate that the multiplier on the cross term c/l;Zt is zero,

even when the steady-state is not efficient, and as such, we can write,
]_ - Tx 2 ~w T faL/\
L= ) {&L (Lt — Lt> + ny (7, )2] and L} =->=q,

where,

&L = 1 {i—l—Q(I)(l—l)} and faLEM—&

C Cc C SC

The linear wage Phillips curve is, 7" = [87” (1—) y] (G — @) +p7,, where ¢ = o <at + Et),

and this implies,

~w T n ~w Tn _ -~ _5w
7Tt:£<Lt—Lt>+/37Tt+1 ; Liy=-(1-s)a and fzy(l_qu

C
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The final expressions we use are (by eliminating the parameter x > 0 in the loss function):

11 ~ ~\2 w ~, 1—(1—s.)® | .
L= 55 [QL (Lt — L:) + ¢ (7 )2} ;o Li=—|1- ( ) at (42)
e 1420 (1-1)
where,
1 1 Ew ~w T n sw
QLES——|—2<I><1—S—> ; QWE?(]‘_Q)Q » T :S£<Lt_Lt>+ﬂ7Tt+1 (43)

and L, — L* = 5, — §r and L, — L" = 3, — J". Equations (42) and (43) are used to generate

Proposition 1.
Appendiz A.J (Proof of Proposition 2)

Here we generate an equivalence result. We start by writing down the equilibrium conditions

for the static economy. The wage Phillips curve and labor demand condition are:

X iyt (7 = V) 7] = XBE, [dicly (7 — 1) wi] + (1 — 1) diey ' (1 — ) weLy
ewbdiLy

and

wy = ayzrett/*

The remaining equations are:

1
yt:Ct‘f‘th‘i‘g‘f‘%(qu_l)Q:tht+Nt79t aﬂdﬁtZZLtyt:f;Nt:Z—
2t

These seven equations solve for wy, Ly, Ny, Uy, ¢, yt, ;. Combine these expressions to generate

an expression for effective output,
F (CLtLt) =Yt — th = U)tLt = atZZC(EHt/2Lt

Having already solved implicitly for the cut-off, i.e., z; = 2z} (a; L), we write effective output,
y: — [Ny, as a function of a;L; alone. As such, by picking L;, we are picking the cut-off and

our choice of L; determines z; and also N;.
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We return to the planning problem, which is now,

max EO Z Btdt (ln Ct — th) + 57&)\1,1‘/ [F (atLt) — Ct — g]
t=0

{ct,Lt}
aJ oJ
= ¢ /Bit—ct = dt — )\1 tCt — 0 and Lt . Bit—Lt = —wdtLt + )\1 tFLa/tLt =0
8015 ’ aLt ’
a
= C = FLi

where Fp, is the partial derivative of F (a,L;) with respect to L;,. Using the equilibrium

condition, e, L; = (1 — 77) ¢; * (€ — 1) F (a;L;) we have,

= — Ew (atLt) FL
L Ew — 1 F (atLt)

Again, setting this labor-income tax at this level in the steady-state will deliver efficiency.

The corresponding Ramsey problem is:

max Fj Z Bty (Inc; — Y Ly)
t=0

{et,Le,m"}
X [diei (7 = V) 7] — XBE, [diacly (miy — 1) my]
_gwwdt[/t — (]_ — TL) dtc;I (1 — 511)) F (atLt)

+ﬁt,u2,t [F (atLt) —C — g _ g (7‘(’;” . 1)2:|

+Btﬂl,t

An interpretation of the effective output production function, is that, for the basic model,
we simply have F'(a;L;) = a;L;. As with the basic case zero steady state inflation is Ramsey

optimal. The remaining two FOCs are:

de = —x|di;t (7 = 1) m] (e — prg—1) + pae (L= 71) decy ' (1 — €4) F (aiLy) — pogce

wdt[zt = _,Ul,tgwwdt[/t — Mg (1 - TL) dtC;I (1 - Ew) FrL; + ,UQ,tFLLt

where Fy, is the partial derivative of F' (a;L;) with respect to L;. At the steady-state (where

a; =a=1and F (a;L;) = F) these conditions reduce to:

et L =1 — e and  poFp = + ety +p (1 —71) ¢t (1 —e,) Fr
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117'

where % = wL. Efficiency requires p; = 0, in which case,

c=— and wFr=v = Fp=1c
K2

Plugging this into the steady-state wage Phillips curve, we have, the efficiency condition,

1= %ﬁ% We therefore define,
w

Ew — 1 F
oot (M) i

as we did for the no-entry case, seeing that the fixed price-markup, in that case E’?l, is
P

replaced by % We don’t provide explicit expressions for the lagrange multipliers because

we will consider an efficient steady state where py = 0 and py = =

A second-order approximation to the Ramsey-problem generates:

L=Qu:+ 1@+ poQay (44)
where,
1y~ .
Qut = 5 (Ct>2 +dic; — YL (dtLt>
0 oL (1_%)6/&& (c ) +dt0t+< )Ctat+( )ctLt
1t = —Cw Y
() (5 - () o)

1 2 ()2 2 ~7F N ~wn2

Q2r = §FLLL <Lt> + (LFp+ L*F1p) (atLt> ~5 (7")

~\2 ~
In deriving the above expression we use F'(a;L;) ~ %FLLLZ (Lt> + F,ralL (atLt) since
(?it)z is a term independent of policy and we assume @ = 1 in what follows We then

use Fy, = 25 F(ax L) = & (aF'(ax L)) = F'+ aLF", such that, Fyal (@L;) =

FuL (atLt) = (LFy, + L?Fy) (atit).

In an efficient steady state, in which, ps = 1/c, equation (44) is

1 (FLEN? [~ = FLF, o
1 ~\ 2 ~7 ~
+ o [§FLLL2 <Lt) + (LFL + L2FLL) (atLt> - g (7;0)2]
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~ ~\ 2 ~ ~ ~
where we use ¢, = % (%) <6t + Lt> and <6t + Lt) = L? + 2a;L; and impose a;d; = 0.

Collecting term and simplifying,
L — 1 FLFL FLFL LFLL (2)2
- 2\¢ F ¢ F Fp !
1 (F LFy, LFr;, F LFy, o~
(= 1 (£ (2 L)
+2<CF>[+FL (CF>:| et
FLFL o~ 1 FLFL n N 2
2t owr) (&L - 5 (=58 ) o0 G
+<cF ¢> Lt 2(cF>LFL(Wt)

First, recall % = Ee—ilﬁz/zlj and the definition of ®. With an efficient steady state,

YL ==L (%) (1—7) =L (11— @) 42 = ELLL and the coefficient on the term (@ZQ

is zero. Second, the linear wage Phillips curve is, 7}’ = (E‘QL wc> (cp —wy) + BT, Again

Ew 1
ew—11—7p,

using, % = YL, this means, 7" = £ (¢, — W) + 7,1, where £ determines the slope

of the wage Phillips curve, such that, y = %‘” (1—®)F L. Since ® = 0 under an efficient

steady-state, this means, —L- = =

 TE T is the term attached to inflation loss. Finally, we make

two important definitions,

1—— and n=—
c

B F\ LF, LFy, LFy
a = _
F Fr

which allow us to re-write the loss function as:

1 (FLFy ~ = \2  Ew ~ l—=-n+a_.
L=-3 (?T) [(n_a)<Lt_Lt) +?(7Tt>2:| ; Lt:n_—aat

Since @, + Ly = +¢;, the Phillips curve can be written as 7" = £ (1 — ) (Zt - Z?) + 7,
where E? = (%) @;. We can now verify the main result,

~ ~ 1 1- -

1= ( 77) a

l—aa—n
The gap Z? — Z: is only zero when 1 = 1 such that, Z: = 1%-a;. Finally, recall, in the
~ N2
no-entry case, when the steady-state is efficient, L. = —%i [Si (Lt - Lf) + % (%\;”)2] and

L= —(1-s.)a.
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For completeness, in the general case, we need an expression for usc (since we already have
1L =1 — psc). We have,

Fr L
poFr L = YL+ el + (1 —70) ¢ (1 =€) FoL = YL + e L — (e L) —

F
FrL

rearranging,and introducing ® and «, we find:

(1-®) (4 —a) — (1 - 5

fac =
a5

If we now return to equation we can use this expression to eliminate pye,,% L which enters

through the term Q.
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Appendix B

Appendiz B.1 (Summary of Dynamic Model)

The following table presents a summary of the dynamic model equations:3®
Description Equation
New Keynesian Block
Resource Constraint Y =+ [ilNey +G + 5 (11 — 1)2
GDP (income) Yr = wiLy + 0Ny
Price Aggregation w;, = azFellt/?
WLy + (1 —71) (1 —ey) x4 €
Wage Phillips Curve | e >(/d )zl
—y [(Wtw — D) — BE e (i, — 1) w;vﬂ}
Real Wage W — T oand  m, = wle
t—1 Tt ct
. . 7"'_ _ C /d
Consumption Euler Equation o = P <—Ct+f ; d;l)
Heterogeneous Firms Block
Firm Value and Free Entry fi=(1-0)0E, (thfﬂ;l) (Vi1 + fra1)
Expected Profits By = [0, [2 (1)) dG (2) = 2140
t
Mass of Entrants Nizgy =1
Firm Dynamics Ny =(1—-0)(Ne—1 + Netq)
g
Entry Congestion fi=1f (%)

To complete the system we either specify an interest rate policy or calculate optimal policy.

Thus, for a given nominal interest rate, i; > 0, the 12 equations in the table solve for

BVariables 2z, = [ (% —1)dG(2) and 2z, = [ (Q‘Q;l)ZdG (z) are aggregators, H; =

t t t
C2N, [ (@ —1)2dG (2) is the Herfindahl index, @, = 0 (7 exp) is the Lambert-W function, and
s¢ = ; — 1 is market share, all of which are only functions of zf. Variables 7%, = WV;/T and mpy = pgl

are nominal wage and price inflation.
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Y, Cty Ly, wy, mp, w2y and  fy, Ny, Ney, Uy, 27 with given government expenditure, G > 0,

L

dividend and labor-income, 7", and exogenous processes for a; and d;.

Appendiz B.2 (Solution for Steady-State)

The solution for the zero inflation steady-state is as follows. Assume is known z* and set
the probability of successful entry, G (2*). We have the following zero inflation steady-state

equations:

1 Ew

H
YL = c'wL ; wL=y(l—2zN) ; w—z*exp<—>

L—Trey —1 2

y = ¢+ [fNe+G ; N=L ; Ne=<L)N
(22
1—5(1—5)]
B(1-9)
1

which we use to determine ¢, L, y,w, N, N.,v. Specifically, we compute N = = and N, =

Vo= ylef[

(%) N. The wage is then given by, w = z*exp (%) We assume L = 1/3.  Then

Yy = 1_“;3, determines y. Then we find the value of entry costs using ¥ = yz; and f =
9 [f(ﬁl(ﬁ)a)]. If we know G/y , then ¢ and G can be found from y = ¢+ fN, + G. Finally,

Ew

= (1-71)wc <M> defines the value of ¢ (that which delivers L = 1/3). We define the

, = ﬁ Also notice, ¥ = (y —wL) /N. This must equal yz; and
1-6(1-5)
B(1=06) *

inverse labor share as

also be equal to f
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Table 1: Steady-State Parameter Values

Parameters Set Exogenously

Statistic Parameter Value Target/Source

Discount factor I& (74 —1) x 100 = 1.44% FRED

Fiscal Policy {r0,G/y} {0.2,0.17} FRED

Wage Markup Ew (5531 — 1) = 30% standard

Wage Rigidity X 23.43 standard

Exogenous Firm Exit | § 2.935% BLS
Calibrated Parameters

Statistic Parameter Value Target Source

Failure rate fOZ* dG (z) 15% - see text

Labor Share {k,0} {2.50,0.42}  60% BLS

Entry costs {fus fo} {0.98,0.74} - see text

Hours worked {tw, Vo } 2.29 33% normalization
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Table 2: Key Business Cycle Statistics for Historical Policy Rule®

Business Cycle Moments (Historical Policy Rule)

Both Shocks Technology Shocks Preference Shocks

Data Log-normal ~ Pareto Log-normal Pareto Log-normal Pareto

GDP (o) 2.05 2.63 2.65 2.40 2.38 2.32 2.39
0./0,

Firm Entry 3.64 2.86 2.83 3.10 3.14 3.22 3.12

Consumption | 0.75 1.13 1.12 0.43 0.39 1.22 1.20

Employment | 0.87 0.82 0.85 0.65 0.63 0.97 0.96

39Notes: The data target is o, = 7.47. For a log-normal distribution: both, technology, preference shocks
require, 7 = {0.229,0.011,0.165}. For a Pareto distribution: both, technology, preference shocks require,

~v = {0.229,0.003,0.157}. All reported statistics are HP-filtered with a value of 1600.
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Figure 1: Impulse Responses for Technology and Preference Shocks*’

GDP (yl) Consumption (cl) Entrants (Net)
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40Notes: Deviations from steady state (in percent) reported on the vertical axis.

Quarters reported on

the horizontal axis. The independent shocks to technology and preferences are of 1 percent.
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Table 3: Welfare Loss and Business Cycle Moments®*!

Welfare Losses and Business Cycle Moments

Both Shocks Technology Shocks Preference Shocks

Log-normal Pareto Log-normal Pareto Log-normal Pareto

Welfare Loss (L)

Optimal-No Firms 0.07 0.29 0.01 0.08 0.09 0.32
Historical Rule 0.29 0.43 0.08 0.11 0.25 0.42

Ramsey Policy: o,/0,

Firm Entry 3.49 3.19 2.29 2.85 3.87 3.53
Consumption 0.58 0.58 0.96 0.69 0.27 0.39
Employment 0.86 0.82 0.5 0.73 0.97 0.39

4I'Notes: Welfare losses (in percent) are calculated as losses in steady-state consumption vs alternative

policies, relative to the Ramsey-optimal policy. All reported business cycle statistics are HP-filtered with a

value of 1600.
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